We investigate a second order parabolic parametrization, w(a) = w t +w a (a t −
Introduction
Cosmic acceleration was discovered in 1998 (Riess et al. 1998; Perlmutter et al. 1999) and has now been confirmed by several independent observations. This discovery implies the possible existence of a new energy component "dark energy". Although widely investigated in the last decade (Sahni & Starobinsky 2000; Peebles & Ratra 2003; Frieman et al. 2008; Li et al. 2011) , the nature of dark energy still remains a mystery.
Observational explorations are of essential importance to understanding dark energy.
Up to now, most powerful probes of the cosmic expansion history include the type Ia supernovae (SNIa) and baryon acoustic oscillation (BAO) measurements. SNIa as "standard candles" provide direct measurements of the luminosity distance as a function of redshift, while the BAO features in the clustering of galaxies as "standard rulers" provide robust measurements of the angular diameter distance-redshift relation when calibrated by the high redshift cosmic microwave background (CMB) observations (Peebles & Yu 1970; Eisenstein & Hu 1998) . (Anderson et al. 2013) . The latter measurement is the most precise distance constraint ever achieved by galaxy surveys. Two weeks later, Kazin et al. (2014) presented improved distance measurements from the WiggleZ Dark Energy Survey at z = 0.44, 0.6 and 0.73. By employing a reconstruction technique to correct the baryonic oscillations for the smearing caused by galaxy peculiar velocities (Eisenstein et al. 2007) , they achieved significant improvements in the measurements, equivalent to those expected from surveys with up to 2.5 times the volume of WiggleZ. Therefore, it is interesting to investigate the constraints on dark energy from these precise BAO data.
It is widely believed that dark energy can be characterized by its equation of state (EOS) w ≡ p/ρ, customarily treated as a general function of the scale factor a. To determine w(a) from data, one could solve the dynamical equation for a particular theory, but the result of this approach depends on the adopted theory. Instead, for generality, various parametrizations of w(a) are used. Among the numerous parametrizations proposed so far (see Li et al. (2011) and the references therein), a most popular one is the Chevallier-Polarski-Linder (CPL) parametrization (Chevallier & Polarski 2001; Linder 2003) ,
This model characterizes dark energy by two free parameters. Parameter w 0 determines the present-day value of w, while parameter w a characterizes the first-order derivative of w with respect to a. The CPL parametrization has many obvious advantages, e.g., a manageable parameter space, the bounded behavior at high redshift, good sensitivity to observational data, and the ability to accurately reconstruct many dark energy theories, etc (see Linder (2003) for details). Thus, it was widely used in the literature to reconstruct dark energy from observational data.
Despite its various merits, the ability of CPL parametrization in reconstructing dark energy is still limited due to its simple, linear form. It cannot characterize a w with high-order features, such as one or more extreme points, oscillations or fast transitions at some epoch, and so on, while such behaviors appear in many dark energy theories -such as quintessence (Barreiro et al. 2000) , modified gravity (Hu & Sawicki 2007; Starobinsky 2007; Appleby & Battye 2007) , coupled dark energy (Baldi 2012; Li et al. 2013) Various high-order dark energy parametrizations have been considered in many works (see Li et al. (2011) and the references therein). In this work, for the purpose of studying the possibility of a turning point (or equivalently, an extreme point) in w, we propose a parabolic form
Obviously, this parametrization has three free parameters, enabling a turning of w(a) at a = a t . The extreme value w(a = a t ) and the sharpness of the tuning are characterized by w t and w a , respectively. Like CPL, the parabolic model also has bounded behavior at high redshift. Mathematically, this model is equivalent to a second order expansion w(a) = w 0 + w 1 a + w 2 a 2 , but it has obvious advantages that the parameters w t , a t , w a are direct characterizations of a turning point in w(a). In addition, since a t is not necessarily confined to the region [0,1], the model is also able to describe those w(a)s which do not have turning points in the past epoch.
In this work we would not adopt the non-parametric method (Holsclaw et al. 2010; Shafieloo et al. 2012; Seikel et al. 2012; Crittenden et al. 2012; Zhao et al. 2012; Wang & Dai 2014) . The reason is that the parabolic parametrization is a more direct characterization of a turning in w. Also, we would not consider expansions of w(a) at third or higher orders, since a second order expansion should be comprehensive enough. Liner & Huterer (2005) argued that two dark energy parameters are enough and even future experiments can not put accurate constraints on more parameters. A more exhaustive analysis done by Sarkar et al. (2008) showed that next-generation dark energy surveys may be able to constrain three or more independent parameters of w to better than 10%. In any case, Eq. (2) shall be comprehensive enough given the current observational data.
Methodology
We explore the cosmological constraints on dark energy via the parabolic model. For comparison, we will also present the fitting results of the ΛCDM and CPL models. For simplicity, in our analysis we assume a flat universe with Ω k = 0. So the expansion rate of the universe H(z) (i.e. the Hubble parameter) is given by
where H 0 is the current value of the Hubble parameter, Ω m (Ω r ) is the current ratio between the matter(radiation) density and the critical density of the Universe. Contribution from the radiation component is characterized by Ω r = Ω γ (1 + 0.2271N eff ), where Ω γ = 2.469 × 10 −5 h −2 (γ denotes photon) as a result of T cmb = 2.725 K, and the effective number of neutrino species N eff assumes its standard value 3.04 (Komatsu et al. 2011 ). The dark energy density function takes the form
We use the most recent observational data to perform χ 2 analyses and explore the parameter space of the model. Data used in our analysis include:
• The SNLS3 (Supernova Legacy Survey 3-year) "combined" sample (Guy et al. 2011; Sullivan et al. 2011) , consisting of 472 SNIa, combining the results of two light-curve fitting codes SiFTO (Conley et al. 2008 ) and SALT2 (Guy et al. 2007 ). We follow the procedure of Zhang et al. (2012) and perform a complete analysis of the systematic errors. The SNLS3 χ 2 function takes the form
where C is a 472 × 472 covariance matrix capturing the statistic and systematic uncertainties, and ∆ − → m = − → m B − − → m mod is a vector of model residuals of the SNIa sample, with m B the rest-frame peak B band magnitude of the SNIa and m mod the predicted magnitude of the SNIa, given by
where D L is the Hubble-constant free luminosity distance, the stretch s is a measure of the shape of SN light-curve, C is the color measure for the SN, and α, β are two nuisance parameters characterizing the stretch-luminosity and color-luminosity relationships, respectively. Following Guy et al. (2011) , we treat α and β as free parameters of χ 2 function. Notice that the covariance matrix C depends on α and β, so it is reconstructed and inverted every time when the values of α and β are varied.
The nuisance quantity M is a combination of the absolute magnitude of a fiducial SNIa and the Hubble constant. We marginalize it following the complicated formula in the Appendix C of Guy et al. (2011) . The host-galaxy information is included by splitting the samples into two parts and allowing the absolute magnitude to be different between these two parts. One can refer to the original paper Guy et al.
(2011) for more details about the SNLS3 likelihood function.
• We use the CMB measurements from the WMAP 9-year and Planck first year (Ade et al. 2013a,b) observations. The WMAP9 and Planck "distance priors" are provided in the analysis Wang & Wang (2012) , including the baryon component ω b ≡ Ω b h 2 , the "acoustic scale" l a ≡ πr(z * )/r s (z * ), and the "shift parameter" R ≡ Ω m H 2 0 r(z * ), where z * is the redshift to the photon-decoupling surface (Hu & Sugiyama 1996) , r(z * ) is our comoving distance to z * , and r s (z * ) is the comoving sound horizon at z * . The distance priors provide an efficient summary of the CMB data as far as dark energy constraints go (Li et al. 2011 ).
• The BAO data used in our analysis are listed in Table 1 BAO surveys to have a negligible effect on our statistical significance and thus ignore this effect in our analysis. We would not use the distance measurement from the SDSS DR7 sample (Padmanabhan et al. 2012 ) to avoid overlap with the BOSS DR11 LOWZ sample.
• We also use the direct measurement of the Hubble constant H 0 = 73.8 ± 2.4km/s/Mpc from the supernova magnitude-redshift relation calibrated by the HST (Hubble Space Telescope) observations of Cepheid variables in the host galaxies of eight type Ia supernovae (Riess et al. 2011) . Here the 1σ uncertainty includes known sources of systematic errors.
In the following context, we will use "SNLS3", "CMB", "BAO" and "HST" to represent these four datasets. For the "CMB" data set, we will use "Planck" and "WMAP9" to represent the Planck and WMAP9 distance priors, respectively. We combine the above data sets to perform χ 2 analyses. Since SNLS3, CMB, BAO and HST are effectively independent measurements, the total χ 2 function is just the sum of all individual χ 2 functions
The parabolic model has three dark energy parameters w t , w a and a t . Including three other cosmological parameters Ω m , ω b and h, and two nuisance parameters α, β characterizing the systematic errors of the SNLS3 dataset (Guy et al. 2011) , the full set of free parameters in our analysis is
We modify the public available CosmoMC package (Lewis & Bridle 2002) to explore the parameter space using the Markov Chain Monte Carlo (MCMC) algorithm. All the parameters listed in Eq. (7) are fitted simultaneously. We generate O(10 7 ) samples for each set of results presented. Fitting results are presented in the next section. Table 2 summarizes the fitting results of the parabolic model, including the constraints (mean values and 68% CL limits) on the main cosmological parameters, and the χ 2 min s. Results from the SNLS3+Planck+BAO+HST (here after Planck combination) and SNLS3+WMAP9+BAO+HST (hereafter WMAP9 combination) datasets are listed in the 2nd and 3rd columns, respectively. Fig. 1 shows the marginalized probability distributions of Ω m , w t , w a and a t .
Results
We find that Ω m , w t are well constrained by the current observational data, while -Marginalized probability distributions of Ω m , w t , w a and a t . In all panels the black lines denote the constraints from the SNLS3+WMAP9+BAO+HST, and the red lines denote the constraints from the SNLS3+Planck+BAO+HST. We find a turning in w at a t ∼ 0.7 is mildly favored.
The Planck measurement yields to slightly tighter constraints than the WMAP9 measurement.
w a and a t are marginally constrained to regions (-8,4) and (-1,3) . This supports our statement that a second order expansion of w(a) is already comprehensive enough for current observational data. Results from the Planck combination and WMAP9 combination are consistent with each other -the only difference is that the Planck combination gives slightly tighter constraints.
Interestingly, the existence of a turning point in w(a) is mildly favored. The bottom right panel of Fig. 1 shows that the likelihood distribution of a t has a peak located at a t ∼ 0.7, lying within the past epoch a=[0,1). But the sign of turning is only detected at 1σ
CL -as listed in Table 2 , the 68% CL constraints from Planck and WMAP9 combinations, a t = 0.75 ± 0.65 and 0.76
−0.75 , have large uncertainties of 87% and 100%.
In addition to the cosmological consequence of the parabolic model, we are also interested in its comparison with other dark energy models. So we also perform the χ 2 analysis of the ΛCDM and CPL models by using the Planck combination dataset. To assess different models, we calculate the χ 2 min /dof and AIC (Akaike Information Criterion), defined as
where N is the number of data points, and k is the number of free model parameters. A model with smaller AIC is more favored. If the difference of AIC between two models is larger than 2, then one model is considered to be favored over the other. Compared with the ΛCDM and CPL models, the parabolic model provides a better fit to the data, reducing their χ 2 min s by 6.4 and 2.9, respectively. More interestingly, the parabolic model also gives smallest χ 2 /dof and AIC. The CPL model gives slightly smaller Considering the small difference between the AICs, the performances of the ΛCDM, CPL and parabolic models are equivalent. This is different from the result of Felice et al. (2012) , where the authors considered two parametrizations in which w has an extreme, and found them not favored over the ΛCDM model under AIC. This should be due to the different models and data adopted in the analyses.
In the left panel of Fig. 2 , we plot the reconstructed w(a) of the parabolic model in the range 0.4 < a < 1. The best-fit and 1σ, 2σ regions from the Planck combination are shown by the black line and filled regions. We find many interesting features in the reconstructed w(a): Within range 0.4 < a < 1, the 1σ region of w(a) shows a clear shape of turning. The phantom behavior of dark energy is favored at the extreme point. At the epoch 0.55 a 0.9 we find w < −1 at 1 σ CL, and at the sweet point a ≈ 0.8, where w is tightest constrained, w < −1 is favored at 2 σ CL 1 . In other regions of a, the 1σ constraint on w is consistent with w = −1. In addition, while the existence of a turning is favored at 1σ CL, it is not clearly detected in the 2σ region.
In the same figure we also plot the results from the WMAP9 combination. The best-fit and 1σ constraints, shown by the red dashed lines, are similar to the results from the Planck combination, except that the WMAP9 combination constraint is slightly weaker.
Fitting results of the CPL model is presented in the right panel of Fig. 2 for comparison. They are consistent with the parabolic model results in that, a trend that w is 1 This is not contradictory to the result w t = −1.108
−0.16 listed in Table ( 2), where w t is consistent with w = −1 at 68% CL. The values listed in Table ( 2) are marginalized constraints of model parameters; it is entirely possible that at some a the conditional constraint on w is tighter and different.
evolving from w −1 at a < 0.5 to w −1 at a > 0.5 is mildly favored 2 , and the phantom behavior of w at a ≈ 0.8 is favored at 2σ CL. The difference is, the CPL model w(a)s, as expected, do not manifest any sign of turning. This demonstrates that, the parabolic model has advantages in revealing the possible non-linear features in w, and with the progressing of cosmological observations considering such high order parametrizations seems becoming more and more important.
Conclusion
We study cosmological constraints on the dark energy EOS w by adopting the parabolic parametrization w(a) = w t + w a (a t − a) 2 , which is a direct characterization of a possible turning in w. We use the most recent observational data of SNLS3, BAO, CMB and HST to constrain the parameter space of the model. We find the existence of a turning point in w at a ∼ 0.7 is favored at 1σ CL. w < −1 is favored at 1σ CL in the epoch 0.55 a 0.9, and the significance increases to 2σ CL near a ≈ 0.8. In other regions of a, w is consistent with the cosmological constant at 1σ CL. The Planck and WMAP9 combinations give similar fitting results. The CPL fitting results, although share some common features with the parabolic model results, do not manifest a turning in w. The ΛCDM, CPL and parabolic models achieve equivalent performances when we use AIC to assess them. Our analysis demonstrates that, adopting a high order parametrization has the advantages of revealing the possible non-linear features in w, and considering such parametrizations is becoming important in nowadays.
